The energy loss of a fast parton scattering elastically in a weakly coupled quark-gluon plasma is formulated as an initial value problem. The approach is designed to study an unstable plasma, but it also reproduces the well known result of energy loss in an equilibrium plasma. A twostream system, which is unstable due to longitudinal chromoelectric modes, is discussed here some detail. In particular, a strong time and directional dependence of the energy loss is demonstrated.
Introduction
When a highly energetic parton travels through the quark-gluon plasma (QGP), it losses its energy due to elastic interactions with plasma constituents. This is the so-called collisional energy loss which for the equilibrium QGP is well understood, see the review [1] and the handbook [2] . The quark-gluon plasma produced in relativistic heavy-ion collisions, however, reaches a state of local equilibrium only after a short but finite time interval, and during this period the momentum distribution of plasma partons is anisotropic. Collisional energy loss has been computed for such a plasma [3] but the fact that anisotropic QGP evolves fast in time, due to chromomagnetic unstable modes (for a review see [4] ), has been ignored.
We have developed an approach where the energy loss is found as the solution of an initial value problem. The approach is briefly presented in [5] where we also show that the formalism reproduces the well known result in case of an equilibrium plasma. In this paper we discuss in more detail a two-stream system, which is unstable due to longitudinal chromoelectric modes, and we demonstrate a strong time and directional dependence of the energy loss.
Throughout the paper we use the natural system of units with c = = k B = 1 and the signature of our metric tensor is (+, −, −, −).
Energy-loss formula
We consider a classical parton which moves across a quark-gluon plasma. Its motion is described by the Wong equations [6] 
where τ , x µ (τ ), u µ (τ ) and p µ (τ ) are, respectively, the parton's proper time, its trajectory, four-velocity and four-momentum; F µν a and A µ a denote the chromodynamic field strength tensor and four-potential along the parton's trajectory and Q a is the classical color charge of the parton; g is the coupling constant and α s ≡ g 2 /4π is assumed to be small. We also assume that the potential vanishes along the parton's trajectory i.e. our gauge condition is u µ (τ ) A µ a x(τ ) = 0. Then, according to Eq. (3), the classical parton's charge Q c (τ ) is a constant of motion.
The energy loss is given directly by Eq. (2) with µ = 0. Using the time t = γτ instead of the proper time τ and replacing the strength tensor F µν a by the chromoelectric E a (t, r) and chromomagnetic B a (t, r) fields, Eq. (2) gives
where v is the parton's velocity. We consider a parton which is very energetic, and therefore v is assumed to be constant and v 2 = 1. Since we deal with an initial value problem, we apply to the field and current not the usual Fourier transformation but the so-called one-sided
Fourier transformation defined as
where the real parameter σ > 0 is chosen is such a way that the integral over ω is taken along a straight line in the complex ω−plane, parallel to the real axis, above all singularities of f (ω, k). Introducing the current generated by the parton j a (t, r) = gQ a vδ (3) (r − vt) and using Eq. (6), Eq. (4) can be rewritten:
whereω ≡ k · v. The next step is to compute the chromoelectric field E a . Applying the one-sided Fourier transformation to the linearized Yang-Mills equations, we get the chromoelectric field given as
where B 0 and D 0 are the initial values of the chromomagnetic field and the chromoelectric induction
where f (p) is the momentum distribution of plasma constituents. The color indices a, b are dropped because ε(ω, k) is a unit matrix in color space. The matrix
Substituting the expression (8) into Eq. (7), we obtain the formula
When the plasma is stable, the poles of Σ −1 (ω, k) are located in the lower half-plane of complex ω and the corresponding contributions to the energy loss from these poles decay exponentially in time. The only stationary contribution to the energy loss is given by the pole ω =ω ≡ k · v from the first term in square brackets in Eq. (10). Therefore, the terms which depend on the initial values of the fields, can be neglected, and Eq. (10) reproduces the known result for the energy-loss of a highly energetic parton in an equilibrium quark-gluon plasma [5] .
When the plasma is unstable, the matrix Σ −1 (ω, k) contains poles in the upper half-plane of complex ω, and the contributions to the energy loss from these poles grow exponentially in time. In this case, the terms in Eq. (10) which depend on the initial values of the fields D and B cannot be neglected. Using the linearized Yang-Mills equations, the initial values B 0 and D 0 are expressed through the current and we obtain
where C R comes from the averaging over color states of the test parton, C R = 4/3 for a quark and C R = 3 for a gluon.
Two-stream system
In order to calculate the energy loss, one must invert the matrix Σ ij (ω, k) defined by Eq. (9) and substitute the resulting expression into Eq. (11). For a general anisotropic system this is a tedious calculation. In the case of the two-stream system, which has unstable longitudinal electric modes, the chromodynamic field is dominated after a sufficiently long time by the longitudinal chromoelectric component. Consequently, we assume that B(ω, k) = 0 and E(ω, k) = k k · E(ω, k) /k 2 , in which case the tensor Σ ij (ω, k) is trivially inverted as
and Eq. (11) simplifies to
Eq. (13) gives a non-zero energy loss in the vacuum limit when ε L → 1. Therefore, we subtract from the formula (13) the vacuum contribution, or equivalently we replace 1/ε L by 1/ε L − 1.
The next step is to calculate ε L (ω, k). With the distribution function of the two-stream system in the form f (p) = (2π) 3 n δ (3) (p − q) + δ (3) (p + q) , where n is the effective parton density in a single stream, one finds [7] 
where u ≡ q/E q is the stream velocity, and µ 2 ≡ g 2 n/2E q is a parameter analogous to the Debye mass squared. There are four roots to the dispersion relation ε L (ω, k) = 0 which read
It is easy to see that 0
2 the minus mode is also stable, 0 < ω − (k) ∈ R. However, for k · u = 0 and k 2 (k·u) 2 < 2µ 2 k 2 −(k·u) 2 one finds ω 2 − (k) < 0 and ω − (k) imaginary. This is the well-known two-stream electric instability.
Strictly speaking, the stream velocity u given by the distribution function equals the speed of light. However, the distribution function should be treated as an idealization of a two-bump distribution with bumps of finite width. This means that the momenta of all partons are not exactly parallel or antiparallel, and the velocity u which enters Eqs. (14, 15) obeys u 2 ≤ 1.
Equations (13) and (14) determine the energy loss of a parton in the twostream system. The integral over ω can be computed analytically as it is determined by the six poles of the integrand located at ω = ±ω + (k), ±ω − (k), ω and 0. The remaining integral over k must be done numerically. We use cylindrical coordinates (k = (k T , φ, k L )) with the axis z along the streams. The parameters are chosen to be: g = |v| = 1, |u| = 0.9, C R = 3. As discussed in [5] , the integral over k is divergent and it has been taken over a domain such that −k max ≤ k L ≤ k max and 0 ≤ k T ≤ k max with k max = 20µ.
In Fig. 1 we show the parton energy loss per unit length as a function of time for different orientations of the parton's velocity v with respect to the stream velocity u. The energy loss oscillates and manifests a strong directional dependence.
Conclusions
We have developed a formalism where the energy loss of a fast parton in a plasma medium is found as the solution of an initial value problem. The formalism determines the energy loss in an unstable plasma which contains modes that exponentially grow in time. The two-stream system has been studied in some detail. The energy loss per unit length is not constant, as in an equilibrium plasma, but it exhibits strong time and directional dependences.
